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Recent studies have highlighted that oscillatory and time-dependent shear flows might help in-
crease flowability of dense suspensions. While most focus has been on cross-flows we here study a
simple two-dimensional suspensions where we apply simultaneously oscillatory and stationary shear
along the same direction. We first show that the viscosities in this set-up significantly decrease
with an increasing magnitude of the oscillations, contrary to previous claims. The decrease can
be attributed to the large decrease in the number of contacts and an altered microstructure as
the magnitude of the oscillation is increased. As a sub-result we find both an extension to the
µ(J)-rheology, a constitutive relationship between the shear stresses and the shear rate, valid for
pure oscillatory flows and with a higher shear-jammed packing fraction for suspensions composed
of frictional particles compared to steady-shear conditions.
The flow of dense suspensions, even for the simplest
systems, show several non-trivial rheological behaviours
such as shear-thinning [1], both continuous [2, 3] and
discontinuous shear-thickening [4–7], and shear jamming
[8, 9]. In the simplest models of a non-Brownian
suspension composed of hard bodies the viscosity η
diverges as η/ηf ∼ (φc − φ)−α, where ηf is the solvent
viscosity, φ the packing fraction, and α a critical expo-
nent usually close to 2 [10, 11] and where φc depends
on the friction [12], shape [13–19], and interactions
[20, 21]. The shear-thinning and shear-thickening can
usually be attributed to a decreased or an increased
importance of certain interactions compared to others.
For example, shear-thinning of colloidal suspensions is
due to a decreased importance of thermal collisional
interactions (vibrations in “soft cages”) compared to the
shear stresses [22]. Shear-thickening can be attributed to
an increased importance of hydrodynamics [6, 23] or as
in the case of discontinuous shear-thickening the onset
of frictional interactions above a certain stress threshold
[4, 5]. Shear-thickening can also be driven by inertial
effects [2, 3] or a combination of them [25, 26].
Acoustics [27] and oscillatory flows [24, 28] have recently
been shown to be effective in altering the flowability of
suspension, where one has the ability to lower the the
viscosity in a controlled manner (i.e. the resistance to
flow). Especially cross-flows have turned out to be useful
when an increased flowability of (almost) shear jammed
dense suspensions is desired and can even under certain
circumstances unblock shear jammed suspensions [28].
The current understanding of this decrease in shear
viscosity with cross-flows is based on a force chain tilting
as a consequence to this secondary oscillatory shear flow
[24] and a random organisation [28], the later a concept
closely related to reversibility of oscillatory shear flows
for suspensions [29].
In this paper we show that also oscillatory flows parallel
to an average shear flow decrease a generalised complex
viscosity and number of contacts as well as altering
the microstructure. We, furthermore, show that the
shear-jamming point for a suspension composed of
frictional particles shifts to higher packing fractions
as large oscillations are applied and approaches a new
shear jamming packing fraction with a value just below
the shear jamming point for suspensions composed
of frictionless particles. For suspensions composed of
frictionless particles the point of shear jamming is not
shifted but the viscosity is reduced by roughly one order
of magnitude.
We consider suspensions composed of roughly 1000
polydisperse discs sheared between two rough walls,
created by fusing particles together, at constant pack-
ing fractions and with a time-dependent shear rate
γ˙ = γ˙0 + γ˙1 cos(ωt + δ), where γ˙0 is the average shear-
rate, γ˙1 the maximum oscillatory shear-rate, ω/2pi the
frequency of oscillatory shear, and δ a shift in time.
Without any loss of generality, we assume from now
on δ to be equal to zero and both γ˙1 and γ˙0 to be
positive numbers. Particles interact via normal and
tangential forces (frictional forces) with a Coulomb
criteria for sliding where we set the particle friction
coefficient µp equal to either 0.4 (frictional) or 0 (fric-
tionless). Particles also interact with the solvent via
hydrodynamic drag and torques, both linear in the
translational and angular velocity differences. For more
details of the simulations see [7, 30]. While the viscosity
in a steady shear flow is defined by ηbrute = 〈σ〉/〈γ˙〉,
where σ is the shear stress, it becomes obvious that
this expression becomes imprecise and possibly invalid
at pure oscillatory flows where 〈σ〉 → 0 and 〈γ˙〉 → 0.
For pure oscillatory shear flows (γ˙0 = 0) one instead
relies on the complex viscosity η∗. Assuming pure
viscous response this complex viscosity η∗ is equal to its
viscous part η′′ as η∗ = η′′ =
∫ 2pi/ω
0 σ(t) cos(ωt) dt
γ˙1
∫ 2pi/ω
0 cos
2(ωt) dt
= G′′/ω,
being essentially a strain weighted quantity, with
G′′ = ω
2
piγ˙1
∫ 2pi/ω
0
σ(t) cos(ωt) dt being the loss modulus
[31]. We generalise this quantity to define strain
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FIG. 1: Instantaneous relative viscosities at φ = 0.67 and
µp = 0.4, G = 0.33 and (a) F = 0.3 and (b) F = 30.
Lines give viscosities estimated through brute force ηbrute/ηf
(green-dashed), strain-averaged time-average η|γ˙|/ηf (solid-
blue), and normal time-average 〈η〉/ηf (black-dash-dotted);
grey dotted line indicates viscosity for steady shear (SS) flow
at φ = 0.67 (i.e. F = 0), yellow solid line indicates zero line.
weighted time-averaged quantities as:
〈A〉|γ˙| =
∫ 2pin/ω
0
|A(t)||γ˙(t)|dt∫ 2pin/ω
0
|γ˙(t)|dt
, (1)
where A(t) is a time-dependent quantity of interest
(e.g. shear stress σ or number of contacts Z) and
an integer n (number of oscillation periods of the
time-average). Strain-weighted viscosities can then be
calculated as η|γ˙| = 〈σ〉|γ˙|/〈γ˙〉|γ˙|, in perfect agreement
with the viscous part of the complex viscosity for a
pure oscillatory shear flow. For a Newtonian suspension
with σ = ηSS(φ)γ˙ and an instantaneous response
to changes in shear-rate the two expressions, brute
and strain-weighted, yield the same viscosity equal to
ηbrute = η|γ˙| = ηSS(φ). However, for time-dependent
flows with delay in or in other way altered shear stress
response one has ηbrute 6= η|γ˙|. The power dissipated
in these flows are time-dependent D(t) = σ(t)γ˙(t). By
normalising the average power of dissipation 〈D(t)〉 with
〈γ˙2(t)〉 we obtain that 〈D(t)〉/〈γ˙2(t)〉 = 〈σ〉|γ˙[/〈γ˙〉|γ˙|,
i.e. equivalent to our strain-averaged viscosity.
Simulations were typically carried out with either
n = 10 or a total absolut strain of
∫ |γ˙| dt = 10. Before
starting to measure we pre-sheared all sampled for a few
oscillatory periods or with a minimum of one absolute
strain. We report both instantaneous time-series of
η/ηf as well as strain-average quantities (according to
Eq. 1) of Z, η, and later on also φ, J (viscous number),
and µ (stress ratio). Viscosities are compared to the
steady-shear viscosities ηSS found for the same packing
fractions of the system.
For this simple system we can identify three dimen-
sionless parameters: F = γ˙1/γ˙0, G = γ˙1/ω, and φ. G
gives here the maximum of strain due to oscillations.
Fig. 1 shows two typical cases of how the viscosities
varies with time and two different oscillation amplitudes.
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FIG. 2: (a) Reduced viscosity η|γ˙|/ηf , (b) Z|γ˙|, (c) D/γ˙20 and
(d) D/γ˙21 as function of F at various F/G, φ = 0.76 and
µp = 0.4; dashed lines in (a) and (b) are best fits using a
hyperbolic tangent function A|γ˙|/A
SS = 1 − c1 tanh(c2F),
where c1 = (1−AF=∞|γ˙| /ASS) and c2 are two free parameters
and A are either η|γ˙|/ηf or Z|γ˙|, and dashed lines in (c) and
(d) are η|γ˙|/η
SS(1 + 0.5F2) and η|γ˙|/ηSS( 1F2 + 0.5) with η|γ˙|
obtained from (a).
When F < 1 (small to moderate shear-rate oscillations
compared to the average flow) the viscosity only mildly
fluctuates around an average viscosity equal to that of
ηSS(φ) seen in steady state [2], see Fig. 1(a). However,
when F > 1 (large shear-rate oscillations compared to
the average flow) two distinct and alternating peaks
appear each period separated by zones with almost
zero viscosities, see Fig. 1(b). Ones sees that the
measure ηbrute poorly captures an average viscosity
and is closer to the peak viscosity. In general η|γ˙|
performs better in capturing the average viscosity and
give better agreements with the time-averaged viscosity
ηtime = ω
∫ 2pin/ω
0
η(t) dt/(2pin). In Fig. 2 we show how
(a) the strain-averaged viscosities η|γ˙|/ηf , (b) number
of contacts Z|γ˙|, dissipation D normalised by (c) γ˙20
or (d) γ˙21 vary with F at various oscillating strains,
G, at φ = 0.76. For all G the viscosities are close to
ηSS(φ) as soon as F < 1 in agreement with previously
reported results [28]. At F > 1 the viscosities decrease,
moderately for large G and substantially for small strain
amplitude (i.e. small G). The same trends are seen in
the number of contacts, highlighting that the former is a
consequence of the later. In particular, we see that the
viscosity and number of contacts both decrease to zero
at high values of F and low values of G. We interpret
this as being in meta-reversible (finite F) or reversible
states (F = ∞) as has previously been observed for
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FIG. 3: Flow curves with extended µ(J)-rheology for (a) µ for suspensions with frictional particles (µp = 0.4), (b) µ for
suspensions with frictionless particles (µp = 0), and (c) Z for both suspensions composed of either frictional (red symbols) or
frictionless particles (blue symbols). Grey symbols corresponds to steady-state values [26] for (circles) frictional and (squares)
frictionless particles, lines according to [26]. Various symbols and colors in (a) and (b) corresponds to various φ, F , and G
values.
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FIG. 4: Reduced viscosity as function of φ at various G and
F = ∞ (pure oscillatory flows). Suspension composed of
(a) frictional and (b) frictionless particles. Grey symbols
correspond to steady-state viscosities for (circles) frictional
and (suqare) frictionless. Values are taken from [26]. The
grey lines corresponds to best fits according to η(φ)/ηf =
a(φSSc − φ)−α for (solid) frictional and (dash-dotted) fric-
tionless particles. Vertical grey dashed lines show the loca-
tions of the corresponding shear-jamming points, with and
φSS,frictionalc = 0.848±0.002 and φSS,frictionlessc = 0.812±0.002.
pure oscillatory shear flows of suspensions [29, 32, 33].
Meta-reversible as the states are only reversible for a
certain time and will eventually be broken due to the
directed average flow .
Our results are hence in line what has been previously
found for cross-flows [28], but here we clearly show that
even parallel oscillatory flows are sufficient for increased
flowability (i.e. lowered viscosity). This puts new doubt
on the explanation about the tilting of the force chains,
as there is no possibility for this in 2D. Instead the
decrease of contacts, and hence all types of force chains,
seems to be the main explanation. As a note, using
the strain-weighted measure for cross-flows would leave
previous results unaltered as they were measured along
a direction where the shear-rate was constant in time.
As discussed by Ness et al. [28] the dissipation nor-
malised by the average strain might be a more interesting
quantity, especially for several industrial applications
where one wants the lower the energy consumption per
strain. Looking at this quantity, see Fig. 2(c), one finds
similar findings as seen for cross-flows. At low F the
dissipation remains equal to that at steady-state shear.
However, as soon as F > 1 the dissipation increases. In
other words, one finds that D/γ˙20 = η|γ˙|(1 + 0.5F2) and
D/γ˙21 = η|γ˙|(1/F2 + 0.5). The later might be a more
interesting quantity for flows which are almost purely os-
cillatory shear flows. Notice that η|γ˙| is itself dependent
on F , as well as G and φ. While we get a monotonic
increase for the dissipation both from (c) a pure steady
shear flow and (d) a pure oscillatory shear flow, cross-
flows seems to show a modest non-monotonicity [28].
This could possibly be attributed to that we neglected
hydrodynamic interactions between pairs of particles
or indeed that having the oscillations perpendicular to
the average flow is slightly more beneficial in regards to
lowering the dissipation per strain. An important finding
from above is that η|γ˙|,F=∞ ≤ η|γ˙|,F=0 = ηSS(φ) for the
same φ, where viscosities for oscillatory flows and steady
state differ for small to moderate oscillatory strains
(G < 3.3), hence do not respect the Cox-Merz rule,
and are approximately equal otherwise. Interestingly,
there exists a small regime (1 < F < 10) for which the
viscosities are lower both that of steady shear flow and
oscillatory shear flow viscosities even for large oscillatory
strains.
Suspension rheology can be re-formulated using a
viscous number J = ηf γ˙/P where φ(J), µ(J), and Z(J)
all are constitutive relationships and functions of only J
in the hard-body limit [2, 11], where P is the pressure
and µ = σ/P the stress ratio. We here show that one
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FIG. 5: Normalised polar contact probability functions of the particles at φ = 0.79. (a) steady shear of frictional particles with
η|γ˙|/ηf = 451, (b) oscillatory shear with η|γ˙|/ηf = 29, and (c) steady shear of frictionless particles with η|γ˙|/ηf = 26.
can expand this formulation to oscillatory flows by using
a strain weighted viscous number J|γ˙| = ηf 〈γ˙/P 〉|γ˙|,
where P is measured in the center of the cell. By doing
so we find a collapse of µ|γ˙|(J|γ˙|) and Z|γ˙|(J|γ˙|) as soon
as F  1 for a large parameter space of φ and G,
see Fig. 3, with a cross-over between steady-state and
oscillatory dominated flows around F ∼ 1. Data points
for which F  1 are all well captured by the original
µ(J)-rheology whereas data points for which F  1,
and with J|γ˙|  JSS(φ) , are better described by the
empirical relation µ|γ˙| ' µmax−κ
(
ln(J|γ˙|)− ln(J|γ˙|,0)
)2
,
with µmax ' 0.75, J|γ˙|,0 ' 2, and κ = 0.01, shown
in Fig. 3(a) as a black solid line. A similar trend
can be found for suspensions composed of frictionless
particles, even though the collapse is slightly worse, as
seen in Fig. 3(b). Here the black solid line is the same
constitutive law as in Fig. 3(a) but with µmax ' 0.45,
J|γ˙|,0 ' 1, and κ = 0.01. The collapse works slightly
better considering Z|γ˙| plotted against J|γ˙|, see Fig. 3(c).
We now explore if one can cross the shear-jamming
packing fraction by having shear flow oscillations. We
achieve this by doing pressure imposed simulations
rather than constant volume. This replaces the control
parameter φ by J|γ˙|. Indeed, as observed by cross-flow
oscillations we find that the shear-jamming point shifts
to higher packing fraction compared to steady-state
for flows composed of frictional particles. Fig. 4 shows
the viscosity in the limiting case where we have pure
oscillatory flows (i.e. F = ∞) at various fixed oscil-
latory strains. The viscosities follow the steady-state
viscosities for the corresponding system as soon as the
oscillatory strain G is large. As the oscillatory strain
is lowered the viscosities of suspensions composed of
frictional particles start to follow the viscosity branch
corresponding to suspensions composed of frictionless
particles at steady shear state in a narrow regime close
to the frictionless shear jamming point. This new and
partially unexplored jamming point for oscillatory flows
which, as we denote φOSc as compared to the steady
state jamming point φSSc , will hence be dependent on
G with φOS,frictionalc → φSS,frictionalc as G → ∞ and
φOS,frictionalc → 0.835 < φSS,frictionlessc as G → 0. The
transition is found to occur around G = 0.1, similar to
what is found in experiment [24]. We do not yet know
if this transition is continuous or discontinuous. For
suspensions composed of frictionless particles the shear-
jamming point seems not to shift for pure oscillatory flow
at imposed pressure (i.e. φOS,frictionlessc ≈ φSS,frictionlessc ).
The viscosities do, however, decrease by roughly one
order of magnitude. Our results are in agreement with
previous findings for oscillatory cross-flows [28] for low
G with the exception that we also find an increased
flowability also for frictionless particles at oscillatory
flows and low G.
As a final test we study the microstructure of steady-
state shear (frictional), oscillatory shear flow (frictional),
and steady-state shear (frictionless) samples at constant
packing fraction φ = 0.79. Fig. 5 shows how the contact
distribution changes from a two-fold rotational symme-
try for steady shear flows to having a four-fold symmetry
for oscillatory shear flows. Even if the pure oscillatory
flow of the frictional particles has a viscosity similar to
that of a frictionless sample at the same packing fraction
the two microstructures are very different indicating that
the “mechanism” for jamming is not the same in the two
approaches and the collapse of the oscillatory viscosities
at low strains onto the steady-state frictionless branch is
probably fortuitous.
In this paper we have shown that (i) oscillatory
shear flows parallel to the average flow leads to a
decrease in viscosities, (ii) the µ(J)-rheology can be ex-
tended to oscillatory shear flows, and (iii) the oscillatory
shear-jamming packing fraction is unaltered compared
to steady shear for frictionless particles but shifted
upwards for frictional particles. Our understanding
of why this shift occurs in the frictional but not in
the frictionless case is that for oscillatory flows with
small strains the tangential springs do not have time
to get enough strained to mechanically stabilise the
suspensions. Frictionless particles lacks this possibility
5altogether and are hence unaffected by this effect.
Hence, this opens up for the alternative strategy of using
shear oscillations along an average shear to unblock
shear jammed dense suspensions of frictional particles.
It would be fruitful to expand the µ(J)-rheology to
granular rheology in line with ref. [34] and using the
inertial number I instead of J , to explore the role of
nonlocal rheology [35], and study linear combinations
shear oscillations perpendicular to each other with or
without an average shear flow.
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